We propose a simple method to prove non-smoothness of a black hole horizon. The existence of a C 1 extension across the horizon implies that there is no C N +2 extension across the horizon if some components of N -th covariant derivative of Riemann tensor diverge at the horizon in the coordinates of the C 1 extension. In particular, the divergence of a component of the Riemann tensor at the horizon directly indicates the presence of a curvature singularity. By using this method, we can confirm the existence of a curvature singularity for several cases where the scalar invariants constructed from the Riemann tensor, e.g., the Ricci scalar and the Kretschmann invariant, take finite values at the horizon. As a concrete example of the application, we show that the KaluzaKlein black holes constructed by Myers have a curvature singularity at the horizon if the spacetime dimension is higher than five.
I. INTRODUCTION
To test whether our world is the higher-dimensional spacetime, we need to identify phenomena which clearly indicate the existence of extra dimensions. Recently, the study of higher dimensional black holes has attracted much attention under the expectation that they may have characteristic features of extra dimensions. For example, in the higher dimensional scenarios based on the TeV gravity mini black holes might be produced in a linear collider [1] [2] [3] [4] [5] [6] or in cosmic ray events [7] [8] [9] unlike the case of four dimensional gravity.
Since the sizes of extra dimensions should be compact from a realistic point of view, we should study higher dimensional spacetime with compactified extra dimensions, i.e., Kaluza-Klein (KK) spacetime. In this paper, we focus on higher dimensional black holes in KK spacetime (KK black holes). As a first step, it would be important to investigate exact solutions of KK black holes to understand their qualitative feature. In the five dimensional case, recent studies showed that there exist a variety of KK black holes called squashed KK black holes . However, in general, to construct an exact solution of KK black hole is difficult because of the less symmetry except for special cases. In fact, if D ≥ 6 and the number of the non-compact dimensions is four, the KK black holes constructed from multi black holes solutions [33] are the only family of exact solution of KK black holes with spherical topology.
Though one might think that we cannot construct an exact solution of multi black holes since the gravitational force is only attractive, it is possible if each black hole has the same mass and charge 1 , where the gravitational attractive force is balanced with the Coulomb force. Such exact solutions are known as Majumdar-Papapetrou solutions [34] [35] [36] , and then higher-dimensional generalization was considered by Myers [33] . In Ref. [33] , Myers constructed KK black holes by placing an infinite number of black holes in a lattice configuration, which is equivalent to placing a single black hole with an appropriate periodic identification of space.
In Ref. [37] Candlish and Reall showed that higher dimensional multi black holes have a non-smooth event horizon 2 unlike the case of four dimensional multi black holes, which have an analytic horizon [36] . In D = 5 we can find a C 2 (but not C 3 ) extension across the horizon. By contrast, in D ≥ 6 the metric is not C 2 but C 1 at the horizon since some components of the second derivatives of the metric always diverge at the horizon for any extension across the horizon. This means the existence of a curvature singularity at the horizon in D ≥ 6.
The result in Ref. [37] seems to indicate that KK black holes constructed by Myers [33] also have a curvature singularity at the horizon because they are constructed from higher dimensional multi black holes. However it is non trivial whether this expectation is correct or not since we consider an infinite number of black holes in the case of KK black holes, which might be qualitatively different from the case of a finite number of black holes. In fact, as shown in Ref. [37] , five dimensional KK black holes with a S 1 compactified extra dimension have an analytic event horizon 3 in contrast to the case of a finite number of black holes, whose horizon is not compactified extra dimensions can have a smooth horizon in D ≥ 6. However, since the methods used in previous works are restricted to the axi-symmetric case [37] or coplanar case [44] , we need to develop a new tool to investigate the smoothness of KK black holes with less symmetry.
In this paper, as an approach to this issue, we propose a simple method to prove nonsmoothness of a black hole horizon which applies to less-symmetric cases. Our claim is that there is no C N +2 extension across the horizon if some components of N-th covariant derivative of Riemann tensor diverge at the horizon in the coordinates of a C 1 extension across the horizon. Furthermore, the divergence of a component of the Riemann tensor means that a curvature singularity appears on the horizon. Using this method, we can identify a curvature singularity even when the scalar invariants constructed from the Riemann tensor, e.g., the Ricci scalar and the Kretschmann invariant, are finite at the horizon. As an application of this method, we show that the Kaluza-Klein black holes constructed by Myers have a curvature singularity at the horizon in D ≥ 6.
This paper is organized as follows. In Sec. II, we develop a method to prove nonsmoothness of horizon. In Sec. III, we apply our method to a spherically symmetric toy model and show our method works well. In Sec. IV, we discuss the case of multi black holes and show our method can reproduce the result of previous works. We discuss the case of Kaluza-Klein black holes and show that there exists curvature singularity on the horizon if D ≥ 6 in Sec. V. Sec. VI is devoted to the summary and discussion. We use the units in which c = G = 1.
II. METHOD TO PROVE NON-SMOOTHNESS OF HORIZON
Black hole solutions are usually constructed in a single coordinate system which does not cover the event horizon. If we want to discuss the global structure of such solutions, we need to find an extension across coordinate boundaries, such as an event horizon. If the spacetime admits an analytic extension, we can find a unique and natural extension of the original spacetime. However, as shown in the previous works [37-40, 44, 45] , some black hole spacetimes are not smooth at the horizon, but in general it is not easy to prove the non-smoothness of the horizon. In this section, we develop a method which can be applied to prove non-smoothness of black hole horizon.
Let (M, g µν ) be a D-dimensional C ∞ manifold with a C ∞ metric tensor with Lorentzian signature and (
Here M ′ is a C 2 manifold 4 and the metric g ′ µν is C 1 on this manifold.
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We assume that the boundary of µ ′ (M) contains a smooth hypersurface H ′ in M ′ .
6 (see Fig.1 ) 4 In this paper, we assume all manifolds are at least C 2 so that we can consider the second derivative of a geodesic curve w.r.t. affine parameter. 5 The submanifold µ ′ (M) can be considered as C ∞ manifold with C ∞ metric because of the existence of isometric imbedding µ ′ : M → M ′ . 6 A hypersurface H ′ is smooth if it is described by an equation φ = 0 where φ is a C 1 function on M ′ and it satisfies dφ = 0 on H ′ . For example, in the case of four-dimensional Schwarzschild spacetime
we can consider an extension as ds 2 = −(1−2M/r)du 2 − 2dudr + r 2 dΩ 2 . In this case, H ′ corresponds to the horizon r = 2M . If we choose φ as φ = r − 2M , φ satisfies that φ = 0 and dφ = 0 at the horizon.
At first, we define an extension of (M, g µν ) across the "same" boundary for later convenience. Let (M,ḡ µν ) be an another D-dimensional C 1 extension of (M, g µν ) with
an isometric imbeddingμ : M →M. We assume the boundary ofμ(M) also contains a smooth hypersurfaceH inM. Let γ(λ) : (λ i , λ f ) → M be an incomplete geodesic with
i.e., there exists a limit point
and (M,ḡ µν ) are called the extensions of (M, g µν ) across the "same" boundary.
In this setup we would like to prove the following theorem. If at least one component of the Riemann tensor diverges at a point on H ′ independently of the approaching direction from µ ′ (M) in the coordinates of the
, there is no C 2 extension of (M, g µν ) across the "same" boundary.
We divide the proof of this theorem into two steps, lemmas. that γ(λ → λ f ) / ∈ M and at least one component of the Riemann tensor measured by a parallelly propagated frame along γ(λ) diverges in the limit λ → λ f , then there is no D-dimensional C 2 extension of (M, g µν ) such that the boundary of the isometric imbedding map of M contains a smooth hypersurface and the map of γ(λ) has a limit point on the hypersurface in the limit λ → λ f .
Proof. Suppose that there also existed a
, and the time like geodesic γ ′′ (λ) := µ ′′ (γ(λ)) reaches a point on the smooth hypersurface H ′′ which is contained in the boundary of µ On the other hand, we have a relation
where
µνρσ are the components of the Riemann tensor in the basis of e µ (α) and in the coordinate basis of {y µ }, respectively. From the assumption, at least one
αβγδ remains finite there. Thus at least one component of e µ (α) must diverge at H ′′ . However, this contradicts the result established in the preceding paragraph that e µ (α) are finite.
with Lorentzian signature and
We assume that M ′ is a C 2 manifold and the metric g ′ µν is C 1 on this manifold and the boundary of µ ′ (M) contains a smooth hypersurface
If at least one component of the Riemann tensor diverges at a point on
, there exists a p.p. curvature singularity at a point p ′ on H ′ along a time like geodesic reaching from µ ′ (M) with finite affine parameter.
Proof. Since the Christoffel symbols are finite, we can always move to coordinates in which the metric is apparently locally flat at the point p ′ on H ′ . Then, we can prepare
and we assume that v 
Since the vielbein frame is linearly independent, e µ (α) has its inverse e
7 If the geodesic does not stay in µ ′ (M) even for a sufficiently short geodesic, we only have to change v
and interchange the past and the future in the following discussion.
we can rewrite Eq. (4) as
From the assumption, at least one component of R µνρσ diverges at p ′ . As shown in Appendix B, e µ (α) and e −1 (α) µ take finite values at p ′ , and hence R (α)(β)(γ)(δ) must diverge at p ′ along the geodesic.
We can easily generalize the above theorem to be able to prove no existence of C N +2
extension across the same boundary.
with Lorentzian signature and 
, there is no C N +2 extension of (M, g µν ) across the "same" boundary.
Proof. Suppose that there also existed a C N +2 extension (M ′′ , g ′′ µν ) of (M, g µν ). First, similarly to the discussion in the proof of the lemma. 2, we can say that the divergence of the N-th covariant derivative of the Riemann tensor at a point on H ′ in the coordinates of a C 1 extension independently of the approaching direction implies that at least one component of the N-th covariant derivative of the Riemann tensor measured by a parallelly propagated frame along a time like geodesic diverges at a point on H ′ . Next, similarly to the discussion in the proof of the lemma. 1, we can say that such a divergence of the N-th covariant derivative of the Riemann tensor measured by a parallelly propagated frame implies the divergence of the N-th covariant derivative of the Riemann tensor in the coordinate basis of C 1 extension. However this contradicts our assumption.
III. APPLICATION I : SPHERICALLY-SYMMETRIC TOY MODEL
In this section, as an example, we consider a deformed Schwarzschild spacetime in four dimensions
and we apply our method to this spherically-symmetric toy model, and show that there exists a curvature singularity at the horizon r = 2m.
First, to obtain C 1 extension across the horizon, we introduce a new coordinate u as
Then, the metric becomes
We can easily check that this is a C 1 extension but not a C 2 extension across the horizon because of the existence of the factor (r − 2m) 3/2 .
Though the Ricci scalar R and the Kretschmann invariant R µνρσ R µνρσ take finite values at the horizon, for this metric, we can show that a component of the Riemann tensor in the coordinates of C 1 extension (10) behaves as
From the theorem. 1, the divergence of Riemann tensor in the coordinate of C 1 extension implies that there exists no C 2 extension across the horizon at r = 2m and that there always exists a curvature singularity at the horizon.
In this symmetric case, we can also show that there exists the p.p. curvature singularity in the usual way. We prepare the orthogonal vielbein bases e (µ) = e (µ) α dx α as
dr,
dθ,
such that e (µ)
We can see that the p.p. curvature singularity exists at the horizon r = 2m and the behavior of the Riemann tensor in the coordinates of the C 1 extension is basically the same as the vielbein component of the Riemann tensor for a free fall observer.
IV. APPLICATION II : CASE OF MULTI BLACK HOLES
In this section we apply our method to the case of multi black hole solutions to reproduce the results of previous works [37, 39] .
A. construction of multi black holes
We consider D-dimensional Einstein-Maxwell system described by the action
where R is the Ricci scalar, F µν = ∂ µ A ν − ∂ ν A µ is the Maxwell field strength, and G D is D dimensional gravitational constant. From this action we obtain the Einstein equations and the Maxwell equations as
In this paper, as a solution of Eqs (15) and (16), we focus on D-dimensional MajumdarPapapetrou solution [33] [34] [35] , whose metric and gauge 1-form are given by
where x and a n denote the position vector and the location of the horizon of the n-th black hole in D − 1 dimensional Euclid space, respectively. At x = a n the lapse g tt vanishes. The mass parameter of the n-th black hole is denoted by m n .
In this section, for simplicity, we focus on the case of two black holes. The metric becomes
where dΩ 2 S D−3 is the metric of an unit D − 3 sphere and a specifies the separation between the two black holes. We set the horizon of one black hole to the origin of Euclidean space. 
The last term in Eq. (22) is needed to satisfy integrability condition. Near the horizon, the metric behaves as
If D > 4, the metric in this coordinate degenerates at the horizon since g ru vanishes at r = 0. We can remove this coordinate singularity by introducing new radial coordinate ρ as
However, since the function H becomes
we find that the last term in the denominator contains fractional powers of ρ. Thus this extension is not an analytic extension across the horizon. Even worse, since the metric behaves as
the first derivative of g ρθ diverges at the horizon because of the fractional power of ρ in the form of F . Then, this is only C 0 extension. To obtain a C 1 extension, we finally introduce new coordinatesū andθ as
Notice that the leading terms of the last terms in the Eqs. (29) and (30) have positive powers of ρ higher than unity because their integrands are proportional to positive fractional powers of ρ near ρ = 0. Then the metric behaves as
We can see that the derivatives of all the metric component w.r.t. ρ take finite values at the horizon, namely, this is a C 1 extension across the horizon.
C. Divergence of Riemann tensors in the coordinate of C 1 extension
We should comment that two coordinate bases (du, dρ, dθ) and (dū, dρ, dθ) are linearly related with non-degenerate finite coefficients at ρ = 0. Thus, if a component of a tensor diverges at ρ = 0 in the coordinates (du, dρ, dθ), at least one component of the tensor diverges at ρ = 0 also in the coordinates (dū, dρ, dθ). For this reason, it is sufficient to confirm the divergence of the Riemann tensor in the coordinates (du, dρ, dθ) in order to conclude its divergence in the coordinates of the C 1 extension (dū, dρ, dθ).
In five dimensional case, we can easily verify that all the components of the Riemann tensor in the coordinates (du, dρ, dθ) take finite values at the horizon. We can also show a component of the first covariant derivatives behaves as
Thus, we conclude that there is no C 3 extension in D = 5 from the theorem. 2. As for C 2 extension, we can construct such an extension by using the Riemann normal coordinates.
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If the dimension is higher than five, the Riemann tensor behaves as
Thus, we conclude that there is no C 2 extension across the horizon from the theorem. 1. and that we cannot remove the curvature singularity on the horizon by considering any extension across the horizon.
V. APPLICATION III : CASE OF KALUZA-KLEIN BLACK HOLES
In the case of D ≥ 5, if we superpose black holes with the same mass m periodically, we
can obtain a toy model of a Kaluza-Klein black hole with T N compactified extra dimensions as constructed by Myers [33] by using multi black hole solutions Eqs. (17) and (18) .
In this section we apply our method to this Kaluza-Klein black hole solution. One might think that the curvature singularity should exist at the horizon since it exists even in the two black hole case. However, whether this expectation is correct or not is not so obvious.
Infinite superposition of black holes may have qualitatively different feature of spacetime than the case of finite number superposition.
In fact, the previous works show that a five dimensional Kaluza-Klein black hole admits analytic extension across the horizon [37] in contrast with the case of two black holes where the horizon is not C 3 but C 2 . The four dimensional multi black hole solutions also admit analytic extension across the horizon. Hence, we can also expect that the Kaluza-Klein black hole admits smooth extension across the horizon when the number of non-compact dimensions is four. In general, such a Kaluza-Klein black hole spacetime becomes lesssymmetric. While the method used in previous works [37, 44] can be applied only to axisymmetric or plane symmetric case, our method is applicable to this case. 8 Although the metric has only C 1 on the horizon, we can still construct a Riemann normal coordinate by using a solution of the geodesic equation in Appendix. B.
In this section, we clarify whether the Kaluza-Klein black hole admits smoother extension compared to the case of two black hole when the number of non-compact dimensions is four.
A. metric form of Kaluza-Klein black holes
The explicit form of the metric of Kaluza-Klein black hole is given by
, where ℓ 
B. C 1 extension across the horizon
We can place the black hole at the origin of Euclidean coordinates without loss of generality. Let us introduce polar coordinates as
Then, the metric (34) becomes
In these coordinates, the metric component g rr diverges at the horizon r = 0. To remove this divergence, we introduce a coordinate u as
Note that the last term in Eq. (41) is needed to satisfy the integrability condition. Near r = 0, we can show that
where W i (θ) is a finite function of the angular coordinates. To derive Eq. (43), we used the condition that the function (H n 1 ,n 2 ,··· ,n N ) −(D−3)/2 is a function of r 2 and angular coordi-
since the function (H n 1 ,n 2 ,··· ,n N ) −(D−3)/2 has formally r ↔ −r symmetry. Then, the metric becomes
However, in these coordinates, all the metric components except for the coefficient of dΩ 2 become zero at the horizon because the functions H, Y i behaves as
near r = 0. Thus, the metric in these coordinates degenerates at the horizon r = 0. We can remove this coordinate singularity by further introducing a new radial coordinate ρ as
Then, the metric behaves as
From Eq. (49), we can see the function ∂ ρ g ρθ i diverges at the horizon, thus this extension is only a C 0 extension, not being a C 1 extension, if D ≥ 6. To get a C 1 extension, we introduce new coordinatesū andθ i as
The dominant parts of the last terms in Eqs. (51) and (52) have positive powers of ρ higher than unity because their integrands are proportional to positive fractional powers of ρ near ρ = 0. Then, the metric behaves as
As we find that the derivatives of all the metric components w.r.t. ρ take finite values at the horizon, this is a C 1 extension across the horizon.
C. Divergence of Riemann tensor in the coordinates of the C 1 extension
We consider following two 1-forms
If we express these 1-forms by using (dū, dρ, dθ i ), they become
Thus, if a component of a tensor projected to e (0) and e (1) diverges, we can say that some component of such a tensor also diverges at ρ = 0 in the coordinate (dū, dρ, dθ i ). For this reason, it is sufficient to confirm the divergence of the Riemann tensor projected to e (0) and e (1) . After some calculations, for D > 5, we obtain
Thus, we conclude that there is no C 2 extension across the horizon from the theorem. 1. By contrast, for D = 5, the horizon becomes analytic as shown in Ref. [37] .
VI. SUMMARY AND DISCUSSION
In this paper, we have proposed a simple method to prove the non-smoothness of the horizon and applied it to several black hole spacetimes for which the scalar invariants constructed from the Riemann tensor, e.g., the Ricci scalar and the Kretschmann invariant, take finite values at the horizon. In Secs. III and IV, we have shown that our method works well for a toy model and the multi black holes, reproducing the results in Refs. [37, 39] .
We have shown that the Kaluza-Klein black holes constructed by Myers have a curvature singularity at the horizon if D ≥ 6 in Sec. V.
Though one may think that the existence of the curvature singularities immediately means the breakdown of the classical theory, in fact, it depends on the strength of the curvature singularities. Using our method, one can also discuss the strength of the curvature singularities. In the case of Kaluza-Klein black holes, the Riemann tensor diverges as ρ
where ρ is approximately the proper length from the horizon. In this case, since the singularity is relatively mild, i.e., the second integral of the Riemann tensor is finite, the tidal force on a finite-sized body is not divergent across the horizon.
One of the advantage of our method is that it applies to less-symmetric spacetimes, but it has a merit even in the case of symmetric spacetimes. Even if it is shown that there exists no smooth extension across the horizon which maintains the spacetime symmetry, there is a possibility that we may find a smoother extension by considering an extension which breaks the symmetry of the spacetime, like in the case of AdS Poincaré horizon where we need to introduce a new coordinate system across the horizon which does not have the same Killing coordinate of the Poincaré chart. Our method can be used to prove that such a possibility is excluded.
We comment on the restriction that we have only focused on C 2 extensions across the "same" boundary in this paper. First, we should emphasize that our method is a natural extension of the previous works [37, 40, 44] . Since the discussion in the previous works is based on the explicit construction of extensions across the horizon by using the same coordinate system for the outside and on the horizon, what were discussed are in fact extensions across the "same" boundary. Secondly, from the definition of the extensions across the "same" boundary, if there exists any other C 2 extension across the boundary, some geodesic cannot reach the boundary 9 and is inextensible while the affine parameter is finite there. This implies that there exists a singularity in the same sence as used in the singularity theorem [46] . One may think that the divergence of the Riemann tensor only in a C 1 extension does not have a covariant meaning. However, even in that case, we can say that there exists some singularity at least in any extension from our method.
As far as we know, there is no discussion on the connection between the existence of p.p. curvature singularity and the no existence of the C 2 extension for the case of Lorentzian signature in literature. In lemma. 1, we have discussed it when there exists a p.p. curvature singularity along a time like geodesic.
While this paper was being prepared for submission, an interesting paper [47] and right-hand side (RHS) become
Since m < 1 and the Christoffel symbols take finite values, the LHS cannot be balanced with RHS in Eq. (1). This contradiction shows that our assumption (A1) cannot be true.
the general case
Without loss of generality, we can assume that the tangent of the geodesic is futuredirected. 10 From Appendix. D we can assume that all vectors normal to the constant surfaces of the coordinate functions y µ are timelike and future directed, at least, in the vicinity of a point p ′′ on H ′′ . In this case, the tangent of a time like geodesic ending at p ′′ satisfies
as long as a sufficiently short geodesic is concerned. We introduce a non-affine parameter ζ for the geodesic y µ (λ) increasing toward the future satisfying
then, we also have
From these equations we can show that the value of the parameter ζ at p ′′ on H ′′ has a definite value as
For any finite value of ζ| λ=λ i , ζ(p ′′ ) is finite. The geodesic equation in term of the parameter ζ becomes 
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On the other hand, when we consider the solutionȳ µ (λ) of the equation
with the initial conditions
at the point p ′′ , in a similar manner, with the parameterζ satisfying
we can show dȳ µ /dζ take definite valuesw µ at the point p ′′ . From the relation we have a relation
From the definition of w µ andw µ , we have relations
δ µνw µwν = 1.
Thus, we conclude dζ/dλ| p ′′ = 1, and it is clear that the orbit y µ =ȳ µ (λ) is the same as y µ (λ) or y µ (ζ).
Two affine parameters of the same orbit must be related by an affine transformation
and the tangent vectors are related as
If a component of dy µ /dλ diverges at the point p ′′ , the only possibility is α → ∞. However, in that case, it diverges everywhere on the curve. This contradicts the assumption that dy µ /dλ does not diverge in µ ′′ (M).
Appendix B: parallel transport of vector along a geodesic in C 1 spacetime
In this section, let the spacetime (M ′ , g ′ µν ) be a C 2 manifold with a C 1 metric tensor.
We focus on a chart described by local coordinates {x µ } on M ′ , and we assume that there exists a geodesic γ ′ (λ) on this chart. Denoting the geodesic γ ′ (λ) by x µ (λ), we find that the function x µ (λ) is twice differentiable owing to the geodesic equation. Let us consider a vector e µ 0 at a point γ ′ (λ 0 ) on the geodesic and its parallel transport e µ along the geodesic.
To find the parallelly transported vector field e µ on γ ′ (λ), we should solve the differential 
for e µ with the initial value e µ = e µ 0 at λ = λ 0 . Since all components of the Christoffel symbol, which take finite values on M ′ , can be considered as functions of λ along the curve x µ (λ), this equation is a system of linear ordinary differential equations with finite coefficients. Thus, the solution for a given initial data is unique and finite as long as λ is finite. 
Since the Christoffel symbol is continuous, we can say that there exists at least one solution for any initial condition from the Peano existence theorem.
We can find a solution iteratively for an initial values x µ = x 
Repeating this process, we can obtain a solution of geodesic equation locally.
